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Abstract 

The bulk partition function of pure Chern-Simons theory on a three-manifold is a state 
in the space of conformal blocks of the dual boundary RCFT, and therefore transforms 
non-trivially under the boundary modular group. In contrast the bulk partition function 
of AdS^ string theory is the modular-invariant partition function of the dual CFT on the 
boundary. This is a puzzle because AdSs string theory formally reduces to pure Chern- 
Simons theory at long distances. We study this puzzle in the context of massive Chern- 
Simons theory. We show that the puzzle is resolved in this context by the appearance of 
a chiral "spectator boson" in the boundary CFT which restores modular invariance. It 
couples to the conformal metric but not to the gauge field on the boundary. Consequently, 
we find a generalization of the standard Chern-Simons/RCFT correspondence involving 
"nonholomorphic conformal blocks" and nonrational boundary CFTs. These generaliza- 
tions appear in the long-distance limit of AdSs string theory, where the role of the spectator 
boson is played by other degrees of freedom in the theory. 
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1. Introduction 

One of the most beautiful examples of a holographic correspondence is the equivalence 
between three-dimensional Chern-Simons gauge theory and the chiral half of a rational con- 
formal field theory 0. (For reviews see We will refer to this as the CSW/RCFT 
correspondence. In recent years a more ambitious example of holography has been inves- 
tigated, that of the AdS/CFT correspondence p. In this paper we discuss some aspects 
of the relation between these two holographic dualities. 

We expect to find a relation between the AdS/CFT correspondence and the 
CSW/RCFT correspondence in the special case of superstring theories on spacetimes of 
the form AdS^ x Kj, where Kj is a compact 7-manifold. The reason is that the low energy 
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supergravity on AdS^ typically contains gauge fields with Chern-Simons terms. This raises 
a puzzle when K^y is a product of spheres, such as K'j = x (S^)^ or K^j = x x S^, 
because in those cases the dual conformal field theory associated with the factors is in 
general not a rational conformal field theory. The present paper resolves that puzzle. 

In this paper we examine in some detail the holography of the massive abelian gauge 
theories that appear in the AdS/CFT examples we have just cited. At long distances 
these theories are dominated by the Chern-Simons terms. We will show that the partition 
function of these theories has a kind of factorization into "non-holomorphic conformal 
blocks," which transform in a finite-dimensional representation of the modular group. 
They are associated to a theory of a nonchiral boson, consisting of the usual chiral boson 
plus an antichiral "spectator" , and have a continuously variable radius. We think this is 
an interesting extension of the standard holographic duality of CSW theory to the chiral 
half of a rational conformal field theory. 

Let us describe our results in some more detail. In section 2 we review the well-studied 
example of a single massive abelian gauge field with action ||^,[7| 



(Here it is in euclidean signature; our conventions are spelled out in the text below.) The 
partition function of the theory is a product of two factors; one factor is associated with a 
massive scalar field, and the other with a topological sector of the theory. We are mainly 
interested in the latter, although we shall see that the effects of the first term do not entirely 
disappear at long distances. The most natural way to study this theory — especially in 
the context of AdS^ string theory — is to compute the path integral on a three-manifold 
y as a function of the boundary conditions on the metric and gauge fields on X := dY. 

In this paper we focus on the quantization of the theory on a solid torus with Dirichlet 
boundary conditions for the gauge fields. We consider the limit of an infinite- volume torus 
(such as a quotient by Z of hyperbolic space). In this limit we can study the partition 
function by studying the groundstate of the gauge theory on T^. We do this by solving 
explicitly for the Landau level wavefunctions in the quantization on the plane, and then 
projecting onto gauge invariant wavefunctions, taking proper account of the Gauss law. In 
this way we produce a finite dimensional space of wavefunctions, and the partition function 
on the torus is a linear combination of these wavefunctions. 

In the above approach it turns out to be important to include both chiralities of the 
boson on the boundary, although only one of these couples to the gauge field -this being the 




(1.1) 
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usual chiral boson of CSW theory. Put differently, the partition function on the solid torus, 
in the limit of infinite volume, is equivalent to that of a nonchiral boson with Euclidean 
action: 

Tik / d(p * d(p + 4nik / d(p A A^'^ (1.2) 



where (p (p+l and therefore the target space of the boson is a circle of radius = ka' . 
(We have assumed k > 0). The fact that we can even speak of the radius shows that we 
must include both left- and right-movers. We refer to the left-moving part of (p, which is 
invisible to A, as a "spectator chiral boson." Note that the spectator does couple to the 
conformal metric on the boundary. 

In section 3 we turn to the main model of interest here, namely the theory of two 
abelian gauge fields with off-diagonal Chern-Simons coupling. The action is: 

Sa= [ -X^dA *dA + -X^dB * dB - 2TTikAdB (1.3) 
J 2e\ 2e^ 

Our primary motivation is that this is the form of Lagrangian appearing in the low-energy 
supergravity theory on AdS^ in the examples cited above, although as we discuss at the 
end of this introduction, there are other potential applications of our remarks. 

The topological sector of the theory has two parameters, these are the integer k and 
the real number /i := les/cAl- One might think that ( |1.3| ) is a trivial extension of ( |1 . Ij ) 
since one could introduce the change of variables 

A = ^(A(+)-A(-)) 
v2/i 

(1.4) 



5 = ^(AW-fA(-)) 



which gives two copies of (pTl]), but with IcacbI, and k -\-\k for one term while 

k ^ —^k for the other. It turns out that we do not get a trivial extension of the previous 
theory, because of the quantization conditions on the periods of A and B. The dual theory 
is a theory of two bosons, (j)"^, (p^ of period 1 with Euclidean action of the form S*! + 5*2 + ^'3 
where 

S^ = — [ ^dcP^ * d<P^ + n'^dcP^ * d(j)^ (1.5) 



2 

shows the bosons have radius R\ = ^k^a' and = ^kfi~^a' while 



S2 = mk I d(i)'^ A d(i)^ (1.6) 



shows there is a nontrivial S-field, for k odd, and finally 

^3 = 27iik j A dcf)^-^ - A (1.7) 

gives the coupling to the gauge fields. In conformity with (|1.4| ) we have defined 



V (1-8) 

Note that + (/)^'* is a nonchiral scalar coupling to the gauge fields, but, for n non- 
rational, it does not have a well-defined periodicity, as promised. 
The radii satisfyS 

Ra _ 

Rb (1.9) 

RaRb = k 

Although the boundary conformal field theory is not rational (when ^ is not rational), 
thanks to the quantization of RaRb-, the partition function on the torus is always a linear 
combination: 

Z= C^'^M^B). (1.10) 

/36A*/A 

Here p{A^ B) span a finite-dimensional space of states. They are proportional to Siegel- 
Narain theta functions (defined in appendix A) associated to the hyperbolic lattice A = 
y/kll^'\ and 

P e A*/A = [Z/kZ)^. (1.11) 

The are also not holomorphic in r, but do transform in a simple finite dimensional 
representation of the modular group. These higher level theta functions generalize the 
familiar holomorphic level k theta functions of RCFT. The case /c = 1 is simply the 
modular invariant partition function of a single compact boson. 

In section 4 we show that our considerations easily extend to the most general abelian 
Chern-Simons theory with gauge group U{1)'^ and action 



/ 



-^A-^(iA" * dAf^ - 2iiiK^iiA'^dA^ (1.12) 



^ In what follows, a' = 2 unless noted otherwise. 
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where 2X^/3 is an even integral nondegenerate symmetric matrix, and hence defines a lattice 
A, while A"^ is a positive definite symmetric matrix. The boundary theory, including the 
spectator chiralities, is a theory of d nonchiral bosons. The metric for the bosons is 
determined by A"^ and K^fs while the B-field is 

-27ii I ^K^^dcp'' Adcpf^ (1.13) 

Left plus right movers move in a target space Vl (BVji, where V = R'^. Using the data of 
both A"^ and K ap one constructs a projection matrix P± on V which is compatible with 
the projection into left and right movers. The bosons coupling to the gauge fields lie in 
Vl- © Vr,+. The "spectator chiralities" lie in Vl,+ © Vr-. 

Finally, the computations also generalize in a natural way from the torus to higher 
genus Riemann surfaces. 

Now let us discuss the relation to the purely topological CSW theory. In the AB 
theory, the space of states spanned by in ( jl.lUD is /s^-dimensional, in harmony with 
a standard analysis of the pure Chern-Simons theory associated to the e^,e^ — oo limit 
of ( |1.3|) Indeed, the topological Hilbert space and the representation of the 

modular group are independent of /i (and independent of A"^ in the higher rank case). 
Nevertheless, the path integral on the torus naturally introduces /U-dependence in the basis 
of wavefunctions, and is essential in writing the path integral of the massive Chern-Simons 
theory. The dependence of the topological field theory on /i is quite analogous to the 
dependence of the topological Hilbert spaces 'H{X) associated to a Riemann surface X on 
the complex structure of X . Because it is the fields Ai~^^ , ^ which couple to the currents, 
the holomorphic polarization is more natural when using the AdS/CFT correspondence. 
Indeed, the path integral on AdSs with no operator insertions is in the state (|1.10|) with 

Our work touches on a number of other closely related investigations. First it touches 
on an old problem in the CSW/RCFT correspondence. The chiral half of an RCFT is 
only part of the data needed to construct the conformal field theory, as stressed in [1TT|,|T2|. 
Indeed, in general different CFT's can be made from gluing together the chiral parts using 
different automorphisms of the fusion rules [|T2| , [T3[] . i Thus, a vexing question has always 



^ There are important subtleties in this statement which have been investigated in [ 14, 15,16 1- 
However they do not affect the very simple models considered in this paper. 
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been: "How does one modify the CSW theory to incorporate both left- and right-movers?" 
The present paper provides the beginning of an answer to that question, at least in the 
case of abelian gauge theories. 

The importance of including the kinetic terms ~ J F * F in studying the holography 
of abelian Chern-Simons theory was stressed by S. Carlip and Y. Kogan in their attempt 
to rewrite string theory as a topological membrane theory |]T^. They did not explain the 
role of left- and right-movers in the way we are doing, but introduced this term to account 
for dependence on the boundary conformal structure. More recently, off-diagonal Chern- 



Simons terms have been discussed by Witten in |]T^. In his discussion it is crucial that 
the theory with /c = 1 is "trivial." What this means, in our context, is that there is only 
one wavefunction and it transforms trivially under the modular group. Indeed, as we 
have noted, the level 1 Siegel-Narain theta function is simply the theta function appearing 
in the modular invariant partition function of a conformal field theory of both left- and 
right-movers. 

The present computations might conceivably find a use in condensed matter physics, 
where classification of quantum hall states involves the study of general abelian Chern- 
Simons gauge theories [ p!5| , p!P| , |2Il| , pT| , |2^ , [2B| , P^ . Curiously, for related reasons, massive 
Chern-Simons theories with two gauge fields and opposite sign Chern-Simons terms have 
recently been recognized as being important in condensed matter physics with a view to- 
wards quantum computation. See, for example, .i Also in |T^ Witten pointed out that 
the triviality of the AB theory for k = 1 has important consequences for the classification 
of quantum Hall states. In the simple case where we do not consider spin theories, the 
results of this paper, combined with the Nikulin embedding theorem show that abelian 
Chern-Simons theories are classified by the signature of A modulo 24, together with the 
discriminant form of the lattice A, where A is the lattice determined by — 2i^Q,/j. 

Finally, one motivation for the present work was a project involving the AdS/CFT 
correspondence, so let us mention briefiy here some implications for the AdS/CFT cor- 
respondence. (Further details are in j^^.) The relevance of topological field theories to 
the AdS/CFT correspondence was first discussed in The authors of discussed in 
some detail the singleton sector of supergravity theories in the AdS/CFT correspondence 
in a variety of dimensions. We will improve on ||2^ in two ways. First, we show that the 
Hamiltonian for the singleton is naturally chosen by using Dirichlet boundary conditions 



We thank Paul Fendley for pointing this out. 
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for the second order system in the Euchdean path integral. Second we show how one can 
discuss the radius of the singleton scalar. 

We have studied here the simple free-field theory of abelian gauge fields. In the 
AdS/CFT context these gauge fields couple to other degrees of freedom in the low energy 
supergravity. Nevertheless, based on simple considerations of the decoupling of topological 
modes at long distance, we conjecture that the full partition function of the string theory 
on AdSs X Ki can still be written as 

Zstrin, = Y.CLn,^p{AB) (1.14) 

where Citring -B-independent, and B) are the same functions as in ( p..lO|) . That 

is, the dependence on the boundary values of the U{1) gauge fields is given by a wavefunc- 
tion in the topological Hilbert space determined by the free massive gauge theory. The 
essential difference from the massive gauge theory (which is not a holographic theory, since 
it does not contain gravity), is that C^j-ine; depends on boundary data. In the con- 



jecture (|1.14|) is used to investigate the holographic correspondence for AdSs x x x S^. 



2. Review of the standard case 

The massive 3d gauge theory was analyzed in a classic paper and the topological 
sector of the theory was understood in |l30|,|Ti|3l|,|8|,p| . We review it here as preparation for 
the AB theory. 

2.1. The classical theory 

We are interested in studying abelian Chern-Simons gauge theory on a topologically 
non-trivial 3-manifold Y. In this section, we focus on the simplest example of such a 
theory, with U{1) gauge group, whose action is (in Euclidean signature), 

Se = j ^dA*dA-27rikAdA (2.1) 

Here, the gauge connection A is a section of a principal C/(l)-bundle over Y, normalized 
so that dA has integral periods and large gauge transformations are A ^ A + u with 
uj a closed 1-form with integral periods. In order to obtain the partition function of the 
Euclidean theory, one has to integrate over the space of all gauge connections A (modulo 
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the gauge equivalence) with the measure e . Similarly, on the Lorentzian space-time with 
signature (— , +, +) the action looks like 

S = j ^dA* dA + 27TkAdA (2.2) 

and the measure is given by e**^. 

The coupling k is an integer if the Euclidean theory is to be well-defined on all 3- 
manifolds. If we use spin bounding 4- folds then we can take kmin = 

The coupling has dimensions of mass. Under a conformal rescaling gr^,^ — ^ ^'^g^.v 
of the 3-dimensional metric the first term in the action scales as while the second 

is invariant. Therefore, we expect that at long distances the topological term dominates. 
Note that in this sense the long-distance limit is the — oo limit. 

The equations of motion are 

d* F -Airke^F = (2.3) 
In the presence of a boundary we vary in a space of fields such that the two form 

dAA{*F-2Trke^A)=0 (2.4) 
vanishes when pulled back to the boundary. 

2.2. Solutions to equations of motion 

We are interested in formulating carefully the phase space of the theory. One way of 
formulating physical phase space is that it is the space of gauge inequivalent solutions of 
the equations of motion. 

In the present theory, thanks to linearity the space of (not necessarily gauge inequiv- 
alent) solutions of the equations of motion is a product 

^ = X Snf (2.5) 

where 5"/ is the space of flat solutions F = 0. These are the solutions of the topological 
sector. A = Af + A^f where A^f is orthogonal to the flat subspace in, say, the Hodge 
metric. 

More generally, on Y = X x Ti, X compact we can take A = Af + A^f where the 
nonflat component A^f is deflned by saying it is orthogonal to ker d in the Hodge metric. 
The space of solutions to the equations of motion is a product. When X is noncompact 
one needs to include boundary conditions, and the space of solutions might or might not 
be a product. 

The main result of is the "equivalence" of the massive gauge theory to a theory 
of a massive scalar field. In our context this means that we can identify the factor Snf 
with the space of solutions of the massive scalar equation. 
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2.3. Hamiltonian Formalism 

Let us work out the Hamiltonian formulation on a spacetime of the form X x R, with 
metric —dt^ -\- gijdx'^dx^ and orientation dtdx^dx^. The canonically conjugate momentum 
as a vector-density is (e^^ = +1): 

= ^^g''{Aj - djAo) + 27Tke'^Aj (2.6) 

The action can be written as S = J dtL with 

L = j Tl'Ai-H + J Ao(^diU' + 27rke'^diAj^ (2.7) 

where we find a Hamiltonian 

where *2 is the Hodge star on X and 

E' := H^ - 27Tke'^Aj 
(We will also denote — H* below.) The Gauss law is: 

diW + 2TTke'^diAj = 

That is, V • £^ + MB = 0. 

2.4. Phase space and symplectic structure 

There are two descriptions of the phase space, depending on how one works with 
Hamiltonian reduction. 

One way to formulate physical phase space is as the space of gauge inequivalent 
solutions of the equations of motion. This point of view makes it obvious that the phase 
space is a product of the phase space for flat gauge fields and for nonfiat gauge fields, 
V = Vf X Vnf for the fiat and nonfiat parts of the theory. 

Another way to formulate the theory "upstairs" in = gauge is to take phase 
space to be the cotangent space with coordinates (H%ylj) and symplectic form: 

Q = I SU'ASAi (2.11) 
Jx 
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(2.9) 



(2.10) 



where S is exterior derivative on the infinite dimensional phase space. Notice that when 
is restricted to the subspace of flat gauge fields, by (|2.9|) we get second class con- 
straints and the phase space is the Chern-Simons symplectic form 

flf = 2nkSAASA (2.12) 



'X 



This is gauge invariant on the subspace F = and one may then perform Hamiltonian 
reduction. 

It is instructive to consider the e"^ oo limit. Using (|2.8| ), we see that if we restrict 



to flnite energy fleld configurations then we must set i?* = 0. Then, by the Gauss law 
we must put F = 0. As we have said, restriction to this subspace imposes second class 
constraints and we are restricting to the fiat factor in phase space. 

2.5. Quantization in the Schrodinger representation 

If we quantize on phase space and then impose the Gauss law we have wavefunctionals 
and we quantize using the symplectic form (|2.11|) . Thus 



Since we can split A = Af + Anf and the Hamiltonian does not mix these, the Hilbert 
space of the theory is naturally thought of as a product 

n = nf®nnf (2.14) 

where is the space of wavefunctions of fiat potentials. 
The Gauss law is: 

+ =e-'"*'=/"^^^(A) (2.15) 

This is valid also for large gauge transformations, i Here w is a closed 1-form with integral 
periods. Note that this does not affect the A^f variable. 



^ This requires explanation. The proper mathematical formulation involves regarding ^ as a 
section of a line bundle over the space of gauge potentials A{X) on X. We then lift the group 
action, and find that a lift only exists when ci(P) = 0. There is a canonical trivialization of the 
line in this case, as well as a canonical connection, and the wavefunction becomes a function. A 



similar discussion holds for the more subtle case of the M-theory C-field [32|. 
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2.6. Euclidean Path integral on the solid torus 

We will determine the Hamiltonian for the singletons by considering the Euclidean 
path integral of the theory on the solid torus, and then interpreting that path integral in 
terms of Hamiltonian evolution in the radial direction. 

Since our action is second order in derivatives, when formulating the path integral on 
a handlebody Y we should specify all components of Ax on the boundary X. This is to 
be contrasted with the Chern-Simons path integral which is a phase space path integral, 
and in which we specify just one component of Ax on the boundary X. 

Let us consider the Euclidean partition function of the theory on a solid torus with ra- 
dius p denoted Yp^DxS^. We assume the torus has a metric that behaves asymptotically 
like dp^ + Q^{p)gx- The path integral defines a state \1/y^(A) given by 

,T, r A\ f dAy - f -\dA*dA+2TTik f AdA /r, i c^ 

where G{Y) is the gauge group on Yp. We can understand the behavior for p ^ oo just 
from the above understanding of the spectrum. 

We can view the evolution to large p as evolution in a Euclidean time direction. The 
large p behavior projects onto the lowest energy states. 

lim ^'y (A) = 6-^-^0*0 (2.17) 

with \E'o in the space of ground states on the torus with energy Eq. The insertion of local 
operators such as Wilson lines or other disturbances induces transitions between vectors 
within this space of ground states. 

2.7. Quantization on the torus 

We now consider quantization on x R. Our wavefunction is \E'(A/) ^'i>{Anf). The 
spectrum of the nonflat sector is clear, and we take the unique groundstate wavefunction 
for this factor: It is the product of harmonic oscillator groundstates for the oscillators 
of the massive scalar of In this section we drop this factor so we can focus on the 

dependence on Af. 

To simplify matters, we work on a torus X = with z = + ra'^ and metric 
O^lfizp, cr* ~ (J* + 1. We fix the small gauge transformations by assuming Af is constant. 
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In complex coordinates A = A^dz + A^dz we have 

_ A2- fAi _ A2 - tAi 

■^z — 1 -^z — Z 

T — T T — T 



We further define the zero mode of the shifted momentum (|2.9| ) as 

= / (fzi-i ^ , - 2T:kt'~' A-Jz)) =-i(J—- 47rMmr A-, 
J oA^[z) \oA^ 



d 

TV = -i[ —— + ATiklrar A, 
OAs 



so that the Hamiltonian is: 

,2 



(2.18) 



H^— — (n^n^ + n^n^) (2.19) 

4Imr 

Note that these do not commute: [11^,11^] = —SnklmT . The ground state energy density 
is 27r|/c|e^ and is infinitely degenerate, as in the standard Landau-level problem. If /c > 
we have 

= ^ ^ = 6-4^^=^"^^ ^-^^XA^) (2.20) 

If /c < we have 

= ^ * = e^^'^^"^^ ^^^'ij{A,) (2.21) 
Here '0 are arbitrary holomorphic functions. Indeed, if we take = where 

il^xix) := e^^ (2.22) 

then the set of wavefunctions {\E'a|A G C} is an overcomplete set spanning the infinite- 
dimensional lowest Landau level. 

The set of states spanned by ( |2.22|) is infinite dimensional, but when we consider 
gauge invariant wavefunctions on the torus the lowest Landau level (LLL) becomes finite 
dimensional. We have already enforced the invariance under small gauge transformations 
by choosing our fiat connections to be constants on the torus. We can impose the invariance 
under large gauge transformations by averaging over large gauge transformations. Given 
any wavefunction \I/(A) the average: 

t(A) := ^(A + w)e^"^'=/"'^ (2.23) 
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where Harm^ are the harmonic 1-forms with integral periods, transforms according to the 
Gauss law ( pj.l5| ). 

Now assume k > and get the projected wavefunctions of the LLL: 

where A/" is a normalization constant, which might depend on r. 

Let us now consider the space of wavefunctions — as functions of — that we obtain 
from ( |2.24| ) and ( |2.22| ). At first, one might think that the space is infinite dimensional since 
A in (|2.22|) can be any complex number. However, using the Poisson summation formula 
we find that 



where q — e^^*'^, and 

PL = (n/R + mR/2),pii = {n/R - mR/2) 

(2.26) 

R^ = 2k 

We recognize that we have the soliton sum of the partition function of a scalar field with 
radius R. Since R^ = 2k is integral it is a rational conformal field theory, and the infinite 
sum can be split as a finite sum of terms of the form fi{A)gi{X). The sublattices Pl = 
and Pr = are of index 2k in the Narain lattice {pl',Pr)- Indeed, after a little algebra we 
see that ( |2.25|) can be written as: 



^A = e-'5J^^^ e_^,,(-2zlmr A„-f)e^,,(^,r). (2.27) 

0<M<2fc 

where 

Q = Anklmr {A,A, + A^) + — — (2.28) 

IbnkimT 

The level k theta functions fx = — A; + l,...,/c are defined by 

e^,fc(u;, r) = J2 q'^(-+^/(2'=))\(m+2M (2.29) 
nez 

where y = exp(27riuj) . Equation ( |2.27| ) shows quite explicitly that the space of quantum 
states is in fact only finite dimensional. A basis for the vector space of states is 



= Ar-^/^^e-4-'=i™- (^^^^-+^')e_^,fc(-2zlmr A,, -f ) 1 < ^ < 2A; (2.30) 
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Finally, we would like to determine the normalization M . We do this following a trick in 
i- 

The fiat gauge fields on the torus can be written A = dx A^dz + A^dz. From the 
Gauss law ^{A) = i/j^Az, A^). However there is a Jacobian for the change of variables 
from A to x, A^, A^. Now 

/ l^'^^t^]'^^^^] = ^"^^'^"^^ "^^^ I' (2.31) 



We can regularize det'{d) = ylmr \rj\'^. We can also evaluate the inner product of the 
states {^^: 



f dA, f dA,r,i^^ = 5,,J^\U\'' f dA.y^e-'-'^'-- iM+n-,/2k? 
Jo Jo Jo „ 



(2.32) 



mr 



2A;3/2 

Normalizing the wavefunctions to one gives: 

= f^e-^^'''^- (^^^^-+^^)e_^,fc(-2amr A,, -f ) (2.33) 

Remarks: 

1. The higher Landau levels are obtained by acting with 11^ to give energy densities 
27r/ce^(2A^ + 1), > 0. Note that ( p.24|) is independent of e^, and hence has a smooth 
limit as oo. Moreover, the gap between Landau levels becomes infinite in this 
limit. 

2. The dependence on Az is that of the wavefunctions in the holomorphic polarization 
of the pure Chern-Simons theory. Equivalently, they are conformal blocks for the 
Gaussian model at = 2/c, coupled to an external gauge field. 

2.8. Holographic mapping to the Gaussian model 

We now interpret the sum ( |2.24| ) in terms of conformal field theory. The first ex- 
ponential factor in the sum in ( ^.24| ) is just the standard value of the Gaussian model 
action 

kn jd(p*d(j) (2.34) 
14 



evaluated on a soliton configuration d(f) = u = riida^ + n2da'^. In our conventions, we use 
a scalar of periodicity 1 and hence we get the Gaussian model on a circle with radius 



= ka', (2.35) 

with both left-movers and right-movers. Of course, we then recognize the Narain lattice in 
( p.26|) with a' = 2. Note, however, that the coupling of (p to Az is chiral, and given by the 
Lagrangian 

Anik I ^(t)^A^^^ (2.36) 



For /c > we have holomorphic functions of coupling to the rightmoving current 
dcj) and for /c < we have holomorphic functions of A^ coupling to the leftmoving current 
d(t). 

Remarks: 

1. In [jl^ Carlip and Kogan discuss very closely related matters in their attempt to 



rewrite string theory as a topological membrane theory. The Landau levels are solved 
for in their eq. 3.4, which they are thinking of as the solutions of the full Schrodinger 
equation in the limit oo. Their motivation was to introduce dependence on the 

conformal structure of the boundary into the wavefunctions. They intended to get 
left and right-moving degrees of freedom from the inner and outer radii of an annulus. 



as m 



2. We now propose a somewhat heterodox interpretation of the equation ( p.24| ). We 
propose that the dual conformal field theory is a theory of both a left-moving and a 
right- moving boson with the radius ( |2.35| ). The fact that both chiralities are present 
is surprising since the canonical quantization of the pure Chern-Simons theory is well- 
known to lead to a single chiral boson. In particular, with appropriate boundary 
conditions the quantization on the disk gives a chiral boson degree of freedom on the 
boundary. One should distinguish between the modes of A on the boundary which, 
with proper boundary conditions are those of a chiral scalar and the dual field theory 
variable (p. Note that d(p couples to A, it is not one of the degrees of freedom of A. 
Moreover, only one chirality of (p couples to A. The other chirality is a "spectator" 



in the sense that in (|2.24|) only one chirality uj^ couples to the external gauge field. 



Nevertheless, there are really two chiralities present in (|2.24|) . Both chiralities couple 
to the conformal metric. 
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3. One way to make the point about the "reahty" of the spectator chirahty is to note 
that we have identified a definite radius, (|2.35| ). In order to understand why this 
is surprising one must recaU some standard points from RCFT. In RCFT the wave- 
functions (|2.33|) are the conformal blocks of a Gaussian model with level 
current algebra." By definition, this is a holomorphic U{1) current algebra extended 
by holomorphic currents 

^±iV2NHz) (2.37) 

of conformal dimension N. There are 2N distinct representations of this algebra 
generated by exp[i-^^^(p{z)] for r ~ r + 2N. The conformal blocks of this theory on 
the torus are level theta functions. This theory is dual to the pure Chern-Simons 
theory with action 

2niN / AdA (2.38) 



in a normalization where dA has integer periods. In units a' = 2 the Gaussian 
model with radius R has U{1) level current algebra whenever is rational. More 
precisely, if R^ = p/q is in lowest terms then = 2pq for p odd and A^ = pq/2 for p 
even. In the present section we have R^ = 2k and hence N = k, hence 2k topological 
states. Returning to the general case, for a given A^ there are several Gaussian models 
with the same chiral algebra, corresponding to the different ways of factoring A^. 
The choice of a definite radius is a choice of how to combine left- and right-moving 
conformal blocks |T^,|TB[. One cannot speak of the radius without introducing both 
left and right movers. 

4. The role of the spectator chiralities is further clarified if one compares carefully the 
Euclidean and Lorentzian versions of holography. In the Lorentzian case we have 
an isomorphism of Hilbert spaces. As we have mentioned, quantization on D x H 
yields the Hilbert space of a chiral boson, depending on which boundary condition 
we impose. Since we could impose either boundary condition, both chiralities are 
"present." Perhaps a good analogy is the light-cone gauge quantization of a massless 
scalar. Making one gauge choice one only sees one of two chiralities. In the Euclidean 
formulation, the path integral on the bulk manifold is equivalent to the path integral 
of some CFT on the boundary. Here we impose Dirichlet boundary conditions on the 
gauge field and compute a wavefunctional \E'(A) of the boundary value of A. It is here 
that we see the necessity of both chiralities in identifying ^'(A) with a conformal field 
theory partition function. 
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3. The AB theory 
3.1. Action 

Now let us consider the AB theory with action: 

-1 , . , . -1 



Sa= I ^dA*dA+ ^dB*dB + 27vkAdB (3.1) 



The gauge group is U{1) x U{1), and in particular large gauge transformations are A 
A + uj^ and B ^ B + uj^ where the are closed 1-forms with integral periods. 

The above treatment is asymmetric in A, B. By using 

j AdB = J BdA + j d{BA) (3.2) 

we can convert to a theory with action: 

Ss= I ^dA *dA + ^dB * dB + Txk{AdB + BdA) (3.3) 
J 2e^ 2e^ 

which is manifestly symmetric under exchanging A ^ B, ca ^ gb- More generally, we 
can use (13.21) to formulate the action 



f —1 —1 

S^= I ^dA *dA+ ^dB *dB + 7ik [{1 + x)AdB + (1 - x)BdA] . (3.4) 
J 2e^ 2e^ 

It is very useful to introduce n := Ics/e^l and the linear combinations 



v2 V 



(3.5) 



the inverse relation being ( |1.4| ). If (and only if) x = in ( |3.4|) we may use these fields to 
write the action as a sum of two "decoupled" theories: 



Ss= I , ^ dA^+^*dA^+^+'KkA^+^dA^+^ +[ 
J l2\eAeB\ J J 



^ -dA^-hdA^-'^-nkA^-UA^-^ 



2|e^e 



B\ 



(3.6) 

One might conclude that the AB theory is merely two copies of the one-field case with 
opposite signs of k. However, if /j is not rational then A^^\A^~'^ cannot be defined as 
connections on topologically nontrivial line bundles. They are not truly independent. In 
particular, to implement the Gauss law on wavefunctions we cannot simply take a product 
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of wavefunctions for A^~^\ A^~^ and implement the Gauss laws separately. This is what 
makes the AB theory an interesting and nontrivial extension of the one-field case. 

Another interesting new point is that the topological limit is oo^e\ oo 

holding |U fixed. Thus, the topological sector of the theory has a continuous parameter /i, 
in addition to the discrete parameter k. It is usually said that in the long distance limit 
the kinetic terms have no effect. As we shall see, this is not quite true. The ratio // does 
affect the wavefunctions in the topological Hilbert space. 

3.2. Equations of motion 

The equations of motion are 

d*dA^+^ = 2Tik\eAeB\dA^^^ 
d*dA^-^ = -2Tik\eAeB\dA^^^ 



(3.7) 



and therefore there are two propagating vector fields of = (27r/ce^eB)^. 
The boundary conditions should be such that when pulled back we have 

~\5A *dA- *dB + Tik{{l + x)5BA + (1 - x)5AB) = (3.8) 

3. 3. Hamiltonian formalism: Symmetric formulation (x = 0) 

The Hamiltonian formulation is easily deduced by combining ( p.6|) with section 2.3. 
We have 

Ss^-H + j n;ij+) + w_A^r^ + A+(a,n; + M^d.A^^^) + A-{d,w_ - T^ke'^ d,A^~^) 

(3.9) 

where H is the Hamiltonian (two copies of the usual one) and 



H; = -^^g^^doA^^^ - a,A(+)) + 'Kke'^A+ 



eAeB 



gaGb 

The symplectic structure is 



Ul_ = J—^g^J{doA^^ - 9,4")) - 7rke'^A+ 



(3.10) 



0= /" dU^SA\+^ + SUldA^'^ = I 5Ii\5A,^5Ii'B5B, (3.11) 
J X Jx 



The Gauss laws become: 

diU]^ + nke'^d.Aj = 
d,ir^ + nke'^diBj = 



(3.12) 
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Imposing the second class constraints of restriction to flat gauge fields gives symplectic 
form 

0/= / 2TTke'^BiA5Aj (3.13) 
Quantum mechanically, working in "upstairs formalism" the Gauss laws become 

(3.14) 

^,(A, B + ub)= e-""'^ J "«^^*,(yl, B) 

Thus, if we shift by both uj^^uj^ then: 

^s{A + u^,B + u"") = e— B) (3.15) 

Note that this is only a consistent transformation law so long as uj^^^uj^ have integral 
periods and k is an integer. 

Remark: Here we encounter a truly treacherous point. Since the action separates as 
in ( |3.6| ) one might have expected the Gauss law to be simply the product of that for the 
A^^^ and the A^~^ theory. That is, one might have expected that 

v&,(A(+) +a;(-))=e^-'=/(-*"'^'"'-'^'^'^')vp,(A(+),A(-)) (3.16) 



While this indeed agrees with (|3T4D if = or if = it does not agree with ^3.13[ ) ! 



We will discuss this subtlety more thoroughly in the general case in section 4.2 below. 

3.4- Hamiltonian analysis 

For completeness, in this subsection we give the formulation for an arbitrary value of 
X. The conjugate momenta are: 



= + 7rfc(l - x)e'^Bj 
= + 7rA;(l + x)e'^ Aj 



(3.17) 



i 



where 11^ ^ is x-independent. Then 

Ii\A, + n^B, -S = j Hdt 

+ j n^a.Ao - nk{l + x)Aoe'^d^Bj (3.18) 
+ j IVj^d.Bo - nk{l - x)Boe''d,Bj 
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Note that no integration by parts has been used at this point. 

The classical Gauss law expressed in terms of 11 is x-independent. On the other hand, 
the quantum Gauss law is 

+ u^, B) = e-^"('+")'=/"^^^^,(A B) 

The wavefunction and Hamiltonian depend on the choice of x. The general transfor- 
mation between wavefunctions is 

vl/,(A, B) = Vtx^s{A, B) = e"^""" / ^^^vl/.(A B) (3.20) 

where a; = is the symmetric formulation. The Hamiltonian is obtained from Hj; = 

We henceforth set a; = but the formulae for general x can be obtained using (|3.20|) . 
3.5. Groundstates on 

The standard Hamiltonian analysis on D x R yields a left- and right-moving chiral 
boson, once one chooses appropriate boundary conditions. However, as in the previous 
section, we focus on the Euclidean path integral on the solid torus, since the natural 
Dirichlet boundary conditions on the fields distinguishes a Hamiltonian for the singleton 
modes. Therefore, we use the same trick of considering the gauge invariant groundstate 
wavefunctions on T^. 

Again we have the factorization 7i/ Cg) 7i„/ of the Hilbert space and we concentrate on 
the wavefunctions of flat gauge fields. We do this, and fix the small gauge transformations 
by taking our wavefunctions to be functions of the constant gauge potentials. 

The Hamiltonian can be written as: 

^- = -2slr (si: -2^*""^^^-) (si; ^ , . 
- 2tor (sb: - ^^"''^^ (55: + ^"^'"'^ 

and one can solve for the Landau levels. A trick for finding these is to write the Hamiltonian 
as a sum of two copies of ( p.l9|) , with opposite signs of k. From (|2.20|) and (|2.21[ 



we can 



write without further ado the wavefunctions in the lowest Landau level (assuming k > 0): 

_ g-27TfcImT Ai+'>A^+'^-2nklmT A^'^ A^f^ ^XAi+'> +XA^--^ ^3 22) 
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These have energy 271^6 aGbI for all values of A, A, (they are not related by complex 
conjugation), and ( |3.22|) forms an overcomplete set for the LLL. Again, this space of states 
is infinite dimensional. 

Let us now follow the procedure used in the one-field case. Averaging the wavefunc- 
tions ( p.22| ) over the large gauge transformations for A, B to enforce the Gauss laws ( |3.14| ) 
gives a family of gauge invariant ground states parametrized by A, A: 



^ ^i-Kk J uj'^Lu^ +i-iTk J uj^B+iitk J to^ A 

Applying this to the wavefunctions ( |3.22| ) we have the averaged sum: 

gAtj(+)-47rA;ImT Ai+'> lj'-S^'' - An klmr A^~'a;(-'+Atj^"' 

where are related to w"^, by the same linear transformation as (|3.5|) . 



(3.23) 



(3.24) 



Our next move is to give an interpretation of the sum (|3.24| ) as an instanton sum in 



the partition function of a Gaussian model on the torus. To begin, we write 

4+^4+^ + 4-^4-^ = 1,00^00^ + ix-^u^u^ (3.25) 

Therefore, we see from the quadratic terms in uj in ( |3.24| ) that we have two Gaussian models, 
one at radius R\ = ^k^a' and one at radius = ^kn~^a'. Let us call these Gaussian 
fields (j)^ . They have periodicity 1 and both left- and right- movers, so u"^ = dcf)"^ in 
an instanton configuration on the torus. The quadratic piece of the action is 

5i = ^ /" ^d(t)^ * dcf)^ + ^i-^dcP^ * d(t)^ (3.26) 



2 

There is evidentally a S-field: 

^2 = ink j d(t)^ A dcj)^ (3.27) 

Now let us consider the coupling to the external gauge field. Let us form the linear 
combinations: 

:=i=(^-VV + //V) 

\ (3.28) 
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and similarly for uj^^\ Comparing with (|3.24| ) we see that the only couplings of the 
Gaussian fields are •* couples to dz4>^~'^ while A\^^ couples to ^g^*^"*"-*. To be more 
precise, the linear terms correspond to an action: 

^3 = 2Txik j A d(t)^-^ - A (3.29) 

Thus, the rightmoving part of ^+ and the leftmoving part of couple to the external 
gauge fields, and correspondingly, one chirality of each of (j)"^ and (p^ "decouples" from the 
gauge fields, but not from the metric. 

Note, that unless ^ is rational the scalar fields (p^^^ do not individually have a discrete 
periodicity, that is, we cannot consider to be a well-defined periodic scalar field on its 
own. The unusual and interesting point is that, nevertheless (pj^ + (p~^ and (p~j^ + (p]^ are 
very nearly well-defined periodic scalars. 

Remarks: 

1. Notice that (with a' = 2) the radii satisfy ( p..9| ). The second equation relating Ra 
and Rb is analogous to the T-duality relation. Standard T-duality is RaRb = 2 in 
units a' = 2. 

2. Note that the wavefunction ( |3.22| ) only depends on e^, gb through the ratio ^. Thus, 



if e^, cb ^ oo holding ^ fixed then the wavefunction has a smooth limit. This is the 
limit in which we expect the topological theory to dominate. The gap to the next 
Landau level is ~ 27rk\eAeB\- 

3. 6. Vector space of wavefunctions on 

At this point we could proceed with standard quantization of the CFT defined by 
( ^.26| ) and ( |3.29| ). Let us stress that for generic fi this conformal field theory is not a 
rational conformal field theory. Nevertheless, as we will show momentarily, the space of 
wavefunctions ( |3.24| ) spanned by A, A G C is finite dimensional and defines an analog of 



the space of conformal blocks. Moreover, we will show that the partition function can be 
written as a finite sum of factorized terms in a fashion very reminiscent of RCFT. 

In order to get at the spectrum we will take a shortcut and simply perform a Poisson 
resummation of the instanton sum ( |3.24| ). We rewrite the sum in terms of u^^u^. We 
write = nida^ + n2da'^ and = fiida^ + h2da'^. Next we do a Poisson resummation 
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on 71-2,^2 and convert the sum to a form where we recognize the Hamiltonian formahsm 
(of the conformal field theory). After some algebra one arrives at the result: 

exp[-47rv^Imr A'i^\pr + Pr)/V2 - ^nVklmT Ai~\pL -pl)/V2 (3.30) 
- -^{pr-Pr)/V2- -^{pl+Pl)/V2] 

where the prefactor e"*^ is determined by 

Q = 2nkImT [A^Aj + A' Aj] 

1 ..o ... (3-31) 



Now we have 



PL- PL 1 R ~ 
— = — 7712 r"^2 

Pr+Pr 1 R ~ 

1^("^2 — kh\) r(7Tl2 — ^TT-i) 



(3.32) 



v/2 R^ ^ ^' 2k' 

where R = V2Ra = \/2iik, m2, m25 f^i^f^i ^ Z. 

At this point we can recognize the following. The sum (|3.30|) is a sum over a signature 



(2, 2) Narain lattice. We can define two sublattices: A"^ is the lattice of vectors "coupling 
only to A and not to A." Thus, it is defined hy p^i — Pr = 0,pl + Pl = 0. Similarly, A^ 
is the lattice of vectors Pr+Pr = 0,pl~Pl = 0. The main observation is that these are 
each sublattices of signature (1,1) and A"^ © A^ is of finite index in the full Narain lattice. 
The analog of the chiral splitting of RCFT is obtained by summing over the lattice vectors 
m A^©A^. This sum is a factorized product of a function of A and a function of A. Then, 
the full sum is given by a sum of this factorized form over the coset representatives and 
takes the form 



^ ^p{A)^^{X) (3.33) 

/3eA*/A 

where the lattice A will be defined presently. In this way we have defined a factorization 
into "nonholomorphic conformal blocks." 
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Let us make all this explicit. Note that we may write 



m2 — ka + p 
1712 = kb + p 

(3.34) 

m2 — khi = kc + p 
1712 — kni — kd + p 

with a,b,c,d& Z and < p, p < A; — 1 all uncorrelated. In this parametrization we may 
write 

(PL -PL Pr+Pr. / k fjlk 
= aei -bfi+ P 

(3.35) 

(Pl+Pl PR- PR. k , , /M. , ;5 

= cei - d/i + /3 

where (3 = p/kei — p/kfi and P = p/A;ei + p/kfi. Here cq := (1; 1), /o := (1; —1) generate 
the lattice ^/2II^'^. The vectors ei, /i generate a lattice A = eiZ + /iZ = y/kll^''^. Note 
that A* = ^A, and we may regard /5, P as representatives of elements of the dual quotient 
group A* /A. 

Now, with any lattice of indefinite signature, but with a projection into definite sig- 
nature subspaces one may form a Siegel-Narain theta function. The definition is reviewed 
in appendix A. We may write our analogs of "conformal blocks" in terms of Siegel-Narain 
theta functions for A. Specifically, we have 

^,iA) = J^^-^e-' 0^ ^. p. ^^^^^ ^3_3g) 
is a normalization constant and 

*^(A) = GA(T,0,^;P;e(A)) (3.37) 

where we have defined: 

^{A) = {Vk2ilinT Ai~^; -\fk2ihnT A^+)) (3.38) 

^ ^ 27rz-\/^' 27riVk^ ^ ^ 
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One can now compute that 

/I 2Imr 
dA^dA2dB^dB2i^p{A,B)r^p,iA,B) = 5p,^,^^\Ar\^ (3.40) 

Taking into account the Jacobian factor Imr \r]\^ for going from the wavefunctional '^{A(z)) 
to the wavefunction on harmonic 1-forms we finaUy get H 

^,{A) = ^e-^/[^^"^*^^"'+^^-^*^^-^]eA(r,0,/3;P;e(A)) (3.41) 
rjri 

It is now straightforward to compute the representation of \I//3(r, A) under the action 
of the modular group. SpecificaUy, the matrix elements of the T- and S'-transformations 
are given by 

Tf3,p' = e*-(^'^)5^,^, (3.42) 

and 

Sp,f,> = le-2-'(^'/^') (3.43) 

where G A*/A = (Z//cZ)^ inherits a quadratic form from the hyperbolic inner prod- 
uct. 

This is the same representation of SL{2,Z) as that studied in and for similar 



reasons. There is a natural action of the modular group on the irrep of the discrete 
Heisenberg group which is a central extension of H^{X] Z/kZ) x H^{X; Z/kZ). 

3. 7. Comment on a clash of terminology 

The term "level k U{1) current algebra" is, regrettably, used in two very different ways 
in the context of the theories discussed in this paper. In [^,0 Kutasov and Seiberg, and 
Larsen and Martinec, use it to refer to the structure of conformal weights h ~ /k, h ~ 
/k where (p, p) lie in a (Narain) lattice of charges. Unfortunately, the same terminology 
is used with a different meaning in a closely related context in rational conformal field 
theory. In the latter setting "level k U{1) current algebra" is the chiral algebra of the 
RCFT one obtains for a Gaussian model on a rational square-radius, as described near 
( p.37|) above. One of our motivations in this paper is to clarify the relation between the 
two uses of this term. We do this in the present section. 



^ Of course, we have made a choice of factorization of Imr Our choice was to take the 

positive square root. This seems reasonable, and gives a nice representation of the modular group 
below, but should be better justified. It is certainly necessary to match to the topological theory. 
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Let us consider only the momentum coupling to A^~^\ \ Let us define the left and 
right "charges" by: 

ur ■= ^(pr+Pr) 
where ^ is a real normalization constant to be determined below. 
The set of charges ( p.44| ) forms a lattice in R^'^ defined by 



(3.44) 



A := {{ul; UR)\n, 171,12,171 e Z} c R^'^ (3.45) 



This lattice is generated by integral combinations of 2 vectors: 

, 1 

Ka 

fi = ^~j^fo 



(3.46) 



where cq := (1; 1), fo '■= (1; —1) generate the lattice Thus, ei ■ /i = while 

ef = fi = 0. The charge lattice is eiZ © fiZ. So choosing 

e = /I (3.47) 

we obtain a self-dual lattice. 

In terms of these charges we can write the conformal weights of the states counted in 
( p:3q ) as: 

h=Upl+Pl) 

U _ .2 1 2 (3-48) 



-i{pl+Pl) +^ 



u 



L 



h = iipji+Pji) 

U . ^2 , 1 2 (3-49) 



^-;{pr-Pr) +771 



u 



R 



Now, for fixed values of the "spectator charges" {pl +Pl',Pr ~Pr) we recognize, after 
using ( p.47|) that the dependence of the conformal weight on {ul;ur) is that of "level k 



U{1) current algebra." Note especially that 

\{PL-pLf - ^{PR + pRf = ^("i 



(3.50) 

17121712 N 



k k 
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where N can be any integer. 



Remark. The purely topological quantization. In Witten studied the off-diagonal 
Chern- Simons theory for the case that k = 1 and concluded that the pure Chern- Simons 
theroy is "trivial." It is straightforward to analyze the purely topological theory on D x R 
using the methods of |jlllEll0- finds a left and a right-moving boson, but, we stress, 
these are not the left- and right-moving components of a single boson of well-defined discrete 
periodicity. One can compute Lq — Lq in this approach and one finds Lq — Lq = N/k. 
Without further input it is difficult to decide whether we should allow all integers A^, or 
whether one should project to = mod k. The approach we are taking in this paper 
answers that question. We see that the integer in ( |3.5C1|) can be any integer. 



4. General massive abelian Chern-Simons theories 

Both in the theory of the quantum hall effect [p|,p|j20|,pTl,[2^,pigl and in AdSs x 
S"^ X one is naturally led to wonder about the extension of the above remarks to a 
collection of abelian gauge ffelds A", o; = 1, . . . , d. We take the action 

/ "2^-^"^'^^" * "^^^ + 27rK^pA^dAf' (4.1) 

and the gauge fields are normalized so that -F° has integral periods. The gauge group is 
U{iy. The Euchdean version is e ^ with 



/ 



^A-^dA" * dAf - 2niK^pA^dA'' (4.2) 



The coupling has dimensions of mass, while X~p is a dimensionless positive definite 
symmetric matrix. Without loss of generality we may assume it has fixed determinant, 
say determinant one. 

We will assume that K^p is nondegenerate. As we have seen above, by adding total 
derivatives, we can assume that Kct/s is symmetric, and these total derivatives do not affect 
the quantization of the theory. In order that the action makes sense on arbitrary manifolds 
we must have 

K^pc'^cleZ (4.3) 



'M4 

where cf is a vector of integer cohomology classes on the four-manifold M4. Clearly 
Kotot G Z. Using the example of x we see that K^jS + Kpa G Z for a 7^ /3, and 
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this is sufficient for weU-definedness in general. II Thus, we conclude that 2Ka,f3 is a 
nondegenerate, even, integral, symmetric matrix. It can have any signature. This matrix 
defines an integral lattice which we denote A. We will denote the integral lattice generated 
by -2K^p by A. 

The matrix of Chern-Simons couplings has inverse A"''^. The topological limit is 
obtained by taking ^ oo. Thus we expect both A"^ and to show up in constructing 
the wavefunctions for the topological Hilbert space. 

4.1. Quantization of the purely topological theory 

The quantization of the pure Chern-Simons theory is completely straightforward and 
was in fact already analyzed to some extent in 0. We have 

1-4?. 4] = ^ (4.4) 

Choosing a real polarization on the torus we have wavefunctions Implementing the 

Gauss law for transformations in the o"^ direction we find the wavefunctions are supported 
on gauge potentials such that Kai3A^U2 G Z, that is, on points in A*. The Gauss law 
for transformations in the direction shows that the wavefunction descends to A* /A. 
This leads to a standard representation of a finite Heisenberg group, and is associated to 
a representation of SL{2, Z) in a natural way. 

4-2. Hamiltonian analysis and Gauss law 
The conjugate momentum is 

nj, = nj, + 27rX;3ae'''^f (4.5) 
where Jl\ = X~pg'^^ y/g{doAj — djA^) is the electric field. The Hamiltonian is 

H = J^ |j|A-^nLnJ + '^X-JF- *2 (4.6) 
The classical Gauss law is 

d.Ul^ + 27iK^f3d,A^e'^ = (4.7) 



^ By choosing a spin structure and only considering bounding manifolds compatible with the 
spin structure we can allow theories with more general Chern-Simons couplings p5[ . This involves 
several new issues, and we will not investigate that case here. 
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Implementing the quantum Gauss law one encounters a subtlety. Let uj°^ be a 1-form 
with integral periods. Define the operator 

:= i [ UJ^K + 27r^a;«K«;3^^ (4.8) 
where there is no sum on a. One easily computes that 

since K^a is integral. Similarly, if a ^ P then 

Since i^a/S ^ ^Z, the operators are simultaneously commuting and can all be imposed 
as constraints. However, one cannot enforce the Gauss laws 

because they have a nontrivial cocycle in the group law. This is the origin of the S-field 
(4.22) in the holographically dual theory. 

Enforcing all the Gauss laws e^"'^ = for a = 1, . . . , d is equivalent to the quantum 
Gauss law: 

(4.12) 

4-3. Landau levels 

On the flat torus we have Hamiltonian 

H = -J ^X-^ - 47rlmr K.^AJ^ + 47rlmr K^.A^j (4.13) 

where we have chosen a normal ordering. On the plane a complete set of functions for the 
lowest Landau level is generated by the wavefunctions 



= exp 



-47rImT i^ccbA'^AI + v^.A'^ + v^A 



(4.14) 



where VajVa are independent complex vectors. 
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One finds that ( 4.14 ) is an eigenfunction of ( 4.13 ) if and only if 



[XK, Xn] = 
{Xf^f = {XKf 

(4.15) 

{pi + K)Xv = 
{n-K)Xv = 

where for simpHcity we have assumed that fiafs is symmetric. 

Now, for normahzable wavefunctions we want ii^tp to be positive hermitian. In 
this case, the last two equations in ( [4.15| ) involve projection operators. Now, note that 
is a symmetric form and therefore can be diagonalized by a real orthogonal 

matrix O: 

K = X-^/^o(^^^ ^_^0'-X-'/^ (4.16) 

where are diagonal matrices with > and A^ < 0. We therefore can solve our 
equations by letting 

fi = X-'/'o(^^^ J^_^0''X-'/^ (4.17) 

Thus, fj, is positive definite. The energy eigenvalue with our normal ordering is — Stt J2i ^Ti- 
lt is useful to introduce the vector space V = R'^ where A" is valued. We can regard 
fx,K e V* ®V* while A, G V <^V. Note that v = Va,v = are valued in V* . The 
subscript c means that we have complexified. Note that F"^ = fi^'^Kjp is an operator 
r : V V and satisfies = 1. Here li""^ li^p = 5"^. We define projection matrices 

P±:=l{l±^-^K) (4.18) 

and accordingly we have subspaces V± := P±V. With this choice Af G V_, and Xv eV^. 
The following identities are useful. Since n is symmetric, are also projection matrices, 
and = P±iJ.. Moreover, {jj~^Ky'^ — X~^{jj~^K)X, so P^ = A~^P±A, and so we can 
also say that 

v^''P+ = 

(4.19) 

v^'^P. = 0. 
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4.4- Averaged wavefunction 

Now we can proceed as before with the average 

W-^Y. *^.^(^ + a;)e''^^^«< (4.20) 

Expanding out we find the sohton sum of a theory of bosons (f) eV , with periodicity 
+ 1. The action is 

8 = 271 j #";Ua/3 * -iTi j B^pu" A (4.21) 

where B^p = —Bp^ is a S-field defined by 

B^p = K^p a<(3 (4.22) 

The chiral couphng to the gauge fields is 

-4m J driJ'c.piP-A^^y + Am j t^MP+A^'y (4.23) 

Thus, only holomorphic currents valued in V- couple to A^, while only antiholo mor- 
phia currents valued in V+ couple to Az- Similarly, the coupling to v in ( |4.2q ) is just: 

explv^'^P+ujz + v^'^P-UJ,] (4.24) 

We stressed above in the AB theory that ^~ were not scalars with definite pe- 
riodicity. The generalization of this statement is that the gauge group (or periodicity 
lattice for cp) defines a lattice Z'^ C V. The subspaces V± in general do not contain any 
lattice vectors. Thus, the chiral scalars P-(pL and P+(pR in general do not form a single 
well-defined scalar. Indeed, the lattice A in general has signature (r_|_,r_) with r_|_ 7^ r_. 

4-5. Vector space of states on T'^ 

One can quantize the theory of chiral bosons as before. The averaged wavefunction 
may be expressed in terms of a sum over an even unimodular Narain lattice of signature 
(d, d). We endow the real vector space V Q)V with the quadratic form: 



{Pl;Pr) ■ {qL;qR) ■=Pl^J'cpqL - PalJ^cpqR 
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(4.25) 



Note that there are now two totaUy independent projections in the game. We have P± 
projecting onto subspaces of V determined by the Chern-Simons coupings A, K. In addition 
we have the left- and right-moving projections of Narain theory, related to the chirality of 
the bosons. The latter projections are denoted by L, R. The embedding of //'^'^ ® R C 
V (BV is accomplished by the basis vectors: 

Co = ^('^^a - Ai'^''5Ca; ^\ + /"^^^Ca) CK = 1, . . . , (i 

Y (4.26) 

In the above formulae we denote the components of the L, R projection by the superscript 
7. One easily checks that 

Sa ■ e/3 = 

r-f = (4.27) 

and hence integral combinations of these vectors define an embedding of the even unimod- 
ular lattice //'^''^ into V ®V. 

Now, by examining ( [4.20|) or by quantizing (^]2l]) (^]23D one finds that only the pro- 



jection of Az into V- couples to pl while only the projection of into V+ couples to pr. 
Similarly, in the averaged wavefunction, the projection of v into V+ couples to pl while 
the projection of v into V- couples to pn. Thus we define two collections of d vectors: 



i^^ = V2(^{P.)\;{P+)\^ a = l,...,d 



(4.28) 



a = 1, . . . , d 



The real span of the is a subspace of Vl © Vr which we can denote V-^l ® V+^r while 
the real span of the is V+^l ® V-^r. 
Moreover, one easily computes that 

z/, ■ = +2K^f3 (4.29) 
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and hence integral combinations of z^q, generate a lattice A, while integral combinations of 
Uct generate a lattice A. Furthermore, 

(4.30) 

Cq ■ = —Kap + Bap 
Ga ■ i^P = Kap + Bap 

Since //'^'^ is unimodular, A and A are sublattices of the Narain lattice generated by Cq,, 
The lattice A © A is of finite index in 11'^''^. We can now uniquely decompose any Narain 
vector in terms of its projection into A ® R © A ® R. These projections consist of a vector 
in A plus a glue vector in A* /A. To be specific, there exist a finite set of vectors G A*, 
/3 G A* such that (3 + (3 E 11'^^'^ and such that we can write: 

p = n"ea + 'maf°' =Pa+Pa (4-31) 

where 

' (4.32) 

PA = {r + \K''^5p)va = rz^a + ,9 

Here are independent vectors of integers. Moreover, 5a runs over a finite set of 

integral vectors. Put differently, we can make a 1-1 transform on the integers n°',ma in 
( [1.31|) in such a way that and we use a finite set of vectors 5a representing A* /A. To be 
specific, every vector of integers nia can be uniquely written in terms of a vector of integers 
and the vectors 5a as 

rua = 2Kapi^ + 5a (4.33) 

We may take /? = —^K°'f^5pi'a and /3 = +^K"^5pV'a- The mapping jS ^ j3 should be 
viewed as an isomorphism of dual quotient groups A* /A A* /A. Indeed, the Nikulin 
embedding theorem [|2^ describes the embedding of an even integral lattice, such as A, 
into any even unimodular lattice, such as 7/'^''^, in terms of an isomorphism of dual quotient 
groups between A and its complementary lattice A. Here we have made that isomorphism 
explicit. 

Now, it turns out that the left- and right- projections to pl, Pr are compatible with 
the projections P± onto the subspaces V±. Thus, for example, we have 

i^oi,L ■ i>p,L = Ua,R ■ i>p,R = (4.34) 
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Thus, we can split the sum over the Narain lattice //'^'^ into a finite sum over A* /A of fac- 
torized wavefunctions coupling only to A and v, v, respectively. The averaged wavefunction 
can be written in terms of higher-level Siegel-Narain theta functions as: 

^^^-2./^.,^-*^^!^^^ J2 eA(r,0,/3;P;e(A))eA(r,0j;P;e(^)) (4.35) 

^ ^ l3eA*/A 

where 

C{A) = -y8^P_(amr A,); P+{iImT A,)^ (4.36) 

^(v) = ^(p+{f^-'vy,-P-{f^-'v)) (4.37) 

As in the previous case, ( [4.35| ) only gives the wavefunctional of the gauge fields up to 
a normalization constant. As before, a basis of wavefunctions for the topological theory 
can be given in the form 

where (r_|_, r_) is the signature of A. The representation of the modular group is precisely 
analogous to what we had before: 

= ^ ^ (440) 

where A* /A inherits a quadratic form defined by 

g(/3 mod A) := (/3, /3) mod 2, (4.41) 

where (3 is any lift of /3 mod A to a vector in A*. 
Remarks: 

1. We can say precisely in what sense this is a generalization of the chiral splitting of 
RCFT. The latter case corresponds to the case where A and A are lattices of definite 
signature, hence A is purely left-moving and A is purely right-moving. We would like 
to stress that, despite the notation, 0a (t, ■ ■ ■) is not holomorphic in r if A is not of 
definite signature. 



2. In there are some related computations. However, these authors assume that the 
edge state bosons have well-defined periodicity, and hence are not describing the dual 
to the most general abelian Chern-Simons theory. 
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4-6. Generalization to higher genus surfaces 

The above computations generalize to higher genus surfaces X. Our wavefunctions are 
functions on the vector space of real harmonic one- forms on X. We define coordinates by 
choosing a basis uj°' = uj'^dz of holomorphic 1-forms, while a)" is a basis of anti-holomorphic 
1-forms, with a, a = 1, . . . /i, /i is the genus of X. 

Recall that the momentum is a vector-valued density, so 

n^^^rf^x, a = l,...,d (4.42) 
is coordinate invariant. The Hamiltonian is 

H=f -^A«^n^Md2x + iA;^F«*2F^ (4.43) 
Jx 

Our phase space is the cotangent space T*r(0^(X)). Our strategy is to restrict to the 
sub- phase space of the cotangent bundle to the space of real harmonic forms. We refer to 
this as the "small phase space" for brevity. Just as on the torus, we can introduce complex 
coordinates so that 

gijda'' ® da^ = gzz{dz ®dz + dz® dz) {AAA) 
Now, in restricting to the small phase space we take 

h 

A^ = Y, [K^ldz + (4.45) 

a=l 

Note that A'^ = (A")* are complex coordinates on phase space and are ^-independent. 
The symplectic form is 

= / OTaAM" (4.46) 
Jx 



Restricting to the subspace ([4.45| ) we define the conjugate coordinates on phase space by 



4.47 

Here we have introduced the period matrix 

r"':= / u'^Au^ (4.48) 



'X 
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The symplectic form on the smaU phase space is 



n = SW^ A M° + cplx.conj. 



(4.49) 



and this fixes the quatization: 



d 



d 



(4.50) 



There is no misprint here. We have a minus sign on the RHS of both expressions. 
Now we find 

n^, = 



d 



27:Kf3jT^~-Al 



d 



dA'^ 



+ 2'KKpJr''''A^^ 



(4.51) 



FinaUy we substitute into ( |4.43D with F = 0. We get a (1, 1) form, and the integral over 
X is 



H 



2^ ' dh 



d 



dAt 



- 2niK^^T^^A2 , , 



(4.52) 



Thus, we see that the above discussion easily generalizes to arbitrary genus. Roughly 
speaking r becomes the period matrix, and we replace X ^ X ® while K ^ K ® r. 



5. Open problems and further questions 

The present paper will appear somewhat trivial to many readers. While the com- 
putations are elementary — after all we are discussing free field theory — we think it 
is important to have a clear idea of the wavefunctions which naturally come up in the 
study of holography of massive Chern-Simons theory. To conclude, we discuss briefiy some 
natural continuations of the above results. 

First, much of the structure of the rational Gaussian model can be understood in 
terms of the extended chiral algebra, where one extends the u{l) chiral algebra generated 
by id4>{z) by the operators e^*^^'?^(^). This defines the "level k U{1) chiral algebra" in the 
sense of RCFT. The conformal blocks of the RCFT are the holomorphic theta functions 
which are characters of this chiral algebra. Is there an analogous nonholomorphic algebra 
in the present case? A related question is to understand in detail how Wilson lines piercing 
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the cylinder / torus correspond to vertex operator insertions in the boundary conformal field 
theory. 

Second, there might be some interesting connections with the idea of integrable struc- 
tures in the AdS/CFT correspondence. In the above discussion we have always assumed 
that fj, is irrational. However, when fj, is rational the dual is an RCFT. By the correspon- 
dence there is an infinite set of "extra" holomorphic conserved charges in the string dual on 
AdSs X K7. It would be worth seeing if this enhanced symmetry gives useful information 
on the holographic correspondence and how, in detail, it leads to greater solvability of the 
string theory. 

A natural question one can ask is what the nonabelian generalization of the AB-type 
theory might be. In fact, Kaluza-Klein reduction of six-dimensional supergravity on AdSs x 
yields a very interesting and subtle generalization of SU{2) massive Chern-Simons 
theory, which deserves to be understood better than it is at present PB| , P7| , |55| , |5S| , PD| , ^ . 

The simple free field theory we are discussing might offer a useful laboratory to explore 
some issues of holography. In the massive Chern-Simons theory, which is not holographic, 
there is a many-to-one map from "interior data" such as the choice of metric within the 
solid torus, or the presence of local operators, to the coefficients of the wavefunction 
appearing in (|1.10| ). Some aspects of this map (such as the metric dependence) could in 
principle be made quite explicit. When embedded in string theory the analogous C^^ing 
in ( |1.14|) is supposed to be a "1-1 map" between the internal data and the data of the 
boundary conditions of all the string fields. Understanding this better, in the present 



context might be useful in addressing the puzzles raised in the recent paper |^^. Let 
= H"^/r be the quotient of hyperbolic 3-space by a quasi- Fuchsian group. Then there 
are Riemann surfaces X, X' at the two ends. The partition function of the massive abelian 
Chern-Simons theory on this manifold has the "entangled" form: 

J]C^^'vp^(A)vl>;3'(A') (5.1) 

where depends on the details of what operators have been inserted in the interior of the 
3-manifold. According to our general conjecture, Cstring should only depend on (arbitrary) 
boundary conditions on the two end surfaces X,X'. AdS/CFT leads us to expect that it 
is an outer product of two vectors. We see no a priori reason why this cannot be true, and 
we believe this is the resolution of the puzzles described in . 
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It is quite natural to try to extend the discussion here to two higher dimensional analog 
systems. The first natural generalization is to the (-Btvs, Bjni) system on spacetimes which 
are asymptotically hyperbolic and have boundary X4 x S^, where X4 is a 4-manifold. The 



analysis of the associated topological field theory was undertaken in . In the kinetic 
terms were neglected, as is appropriate for the study of the representation of 5'L(2, Z). 
However, we have seen that for finer questions involving natural bases of wavefunctions one 
should retain the kinetic terms. A computation analogous to that above indeed produces 
the partition function of a boundary theory of a U{1) gauge field coupling to a "chiral" 
combination of {EnStBuh). In this case, the "new" parameters, analogous to ^ above, 
include the complex dilaton r of the type IIB string and the conformal class of the metric 
on X4. We expect that the full string theory partition function gives an analog of the 
decomposition ( |1.14D , where Citring partition function of SU{N)/Zn SYM theory in 



different 't Hooft flux sectors, and .^string is the partition function of U{N) SYM theory. 

Finally, we hope that the method of this paper will help in understanding better the 
pairing between the 5-brane partition function and the supergravity path integral for the 



C-field and that there will be a nice combination of the results of |^2[ with the techniques 
of this paper. 
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Appendix A. Siegel-Narain Theta functions 

Let A be a lattice of signature {b+, Let P be a decomposition of A R as a sum 
of orthogonal subspaces of definite signature: 

P : AOR^ R^+'° ± R°'''- (A.l) 

Let P±(X) = X± denote the projections onto the two factors. We also write A = A_|_ + A_. 
With our conventions P_(A)^ < 0. 
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Let A + 7 denote a translate of the lattice A. We define the Siegel-Narain theta 
function 

QA+-y{T, a, /3; P, = exp[^(e^ - e)] 
expi inriX + P)l + mf{X + /3f_ + 2m{\ + /3, - 27ri(A + \l3, a) \ 

AeA+7 J 



(A.2) 



^ expi z7rr(A + (3)\ + mf (A + I3f_ + 27ri(A + - 27ri(A + /3, a) I 
eA+7 ^ 



AeA+7 

where y = Imr . 

The main transformation law is: 

Ga(-1/t,«,AP,^ + ^) = ^^(-ir)^+/2(^^)6_/20^,^^^^^_^.p^^) ^A.3) 

where A' is the dual lattice. If there is a characteristic vector, call it W2., such that 

(A,A) = (A,i(;2) mod 2 (A.4) 
for all A then we have in addition: 

eA(r + 1, a, (3- P, = e-^'^^^'^^^/^GAlr, a - /3 - ^W2, P; P, (A.5) 
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